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Sixth Konhauser Problemfest

Held at University of St. Thomas, Feb. 28, 1998
Problems by Bert Frijstedt, Univ. of Minnesota
First place: Macalester, 96 points out of 100

1. Find all triples of integers (a, b, n) satisfting AgM + A@M = it

at+b

2. Find ¢ such that the parabolasy = —x? and y = 2 x* + ¢ have two common tangent lines that
meet at aright angle.

3. Find the area of the following intersection of planar sets:

[ W) X2+ (y-2v3)* £36) N {(x, y) | (x=372 +(y+V3)* £ 36)
N{x ) | (x+32+(y+V3) £ 36)

4. Classify thetriples (A, B, C) according to whether the intersection of theplanez=Ax+By+C
with the paraboloid z= x? + y? is empty, isasingle point, or is an ellipse (a circle being a special
case of an ellipse). In the case of an ellipse, find its area.

5. Find the smallest positive integer that has exactly 12 distinct positive integral divisors and whose
prime divisors all lie between 10 and 20.

6. A permutation matrix is a square matrix all of whose entries are Os and 1s with there being
exactly one 1 in each row and in each column. Let b,, denote the number of n-by-n permutation
matrices having the additional property that the row i and the column j of every position in which a
1 appears satisfy i-1£j£i+2. Find arecursive description of the sequence (by, by, bz, by, ...) and
use this recursive definition to calculate bg.

n
k=1

7. Prove that limnzy [2 vVn - Z exists and that the value of thislimit is between

1+232and1+2°1,

[

8. Let x, y, and z denotes lengths of the three medians of an arbitrary triangle. Provethat x <y + z.
(Recall that the median of atriangleis aline segment, one of whose endpointsis avertex and the
other of which isthe midpoint of the opposite side. The major standard theorem about mediansis
that they meet in aa common point that on each median istwice as far from its vertex endpoint as
it isfrom its other endpoint.)

9. For x3 1, let fy(X) = x and for n>0, f,(x) = max {1, In(fn_1(x))}. Set g(x) = .
Decide whether f1¥ g(X) , x converges or diverges.
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10. Numbers X1, Xp, X3, ... are chosen independently at random from the interval (0, 1) according
to the uniform distribution. Define K = ¥ if sequence {X1, Xp, X3, ...} isstrictly monotone
increasing and K = min{n: X, 3 Xn+1} otherwise. Calculate the probability that K = k for

k=1, 2,3, ... and show that the sum of these probabilitiesis equal to 1.



